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SOLUTION OF A TRANSVERSE PLANE BENDING PROBLEM

OF A LAMINATED CANTILEVER BEAM

UNDER THE ACTION OF A NORMAL UNIFORM LOAD

A. V. Gorik and S. B. Koval’chuk UDC 539.3

The paper presents an exact direct solution of a transverse plane bending problem of a laminated

cantilever beam of small width under the action of a uniformly distributed load under the absolutely

hard contact between the layers. The solution has been constructed with the aid of linear elasticity

theory equations: to take into account the heterogeneous structure of the laminated beam, piecewise

constant functions of elastic characteristics, which have been described analytically by means of

shifted Heaviside functions, have been introduced into the Hooke’s law relationships. During the

solution of problem, the normal stresses were expressed from static equations in terms of an

unknown function of tangential stress distribution over the cross-section height. The use of the

obtained expressions in the Hooke’s law relationships and Cauchy equations for linear strains

made it possible to establish relationships between displacements and tangential stresses. The

Cauchy equation that remained for angle strains gave a defining integro-differential equation, from

which differential equations for the unknown tangential stress function and for all unknown

integration functions have been derived. The solution of the derived equations is possible for the

entire packet of layers without considering an individual layer, the final relations for stresses,

strains and displacements describing the stress-strain state of the entire packet of composite beam

layers. The constructed solution satisfies the boundary conditions and the conditions of the

absolutely hard contact of the layers and is exact if the load distribution corresponds to the

determined stress distribution. Using this solution, we have carried out a theoretical study of the

stress-strain state of a three-layer beam. The obtained relation allow one to predict the strength and

stiffness of multilayer structural composite elements and to construct application solutions for other

elastic bending problems of laminated beams.
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Introduction. The present development level of engineering and technologies imposes higher and higher

requirements on the strength, reliability and, above all, energy efficiency of engineering structures, which can not

always be met by using conventional structural materials. This problem can be fairly frequently solved by using

composite elements made by the combination of several materials with different physico-mechanical characteristics

in a single structural system. However, such an approach is greatly limited by the impossibility to employ for the

design of composite elements traditional design methods, which are mainly based on deformation models of

homogeneous isotropic structural elements.

The reliable prediction of the strength and stiffness of structural composite elements under different

operation conditions requires taking into account many physico-mechanical characteristics, which often have a

complex dependence on temperature, the type and time of load action, etc. The study of the properties of different

types of composites is a separate important scientific problem [1], to which numerous studies by Ukrainian and

foreign scientists are devoted.
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distribution of displacements w it is evident that the deflection of the lower layer decreases due to the transverse

compression of the packet of layers. However, the increase in the bending deflection of the composite cantilever is

most significant (38%).

CONCLUSIONS

1. Using the proposed techniques for simulating structure and rigid fixing by the methods of linear elasticity

theory, the transverse plane bending problem of a laminated cantilever under the action of uniformly distributed

loads on its longitudinal faces under absolutely hard contact between the layers has been solved.

2. Relations have been derived, which describe stress, strain and displacement distribution for the entire

packet of the homogeneous orthotropic beam layers.

3. It has been shown for a three-layer composite cantilever as an example that neglecting the yielding of the

beam to transverse compression strains and especially to transverse shear strains results in a significant distortion of

the distribution pattern of the SSS components.

4. The obtained solution can be used for the prediction of the strength and stiffness of multilayer cantilever

beams under plane bending conditions, for the solution of applied problems, experimental determination of the

characteristics of individual layers of composite beams, and for the development of applied methods for the design of

such structural elements.

REFERENCES

1. N. K. Kucher, M. N. Zarazovskii, and E. L. Danil’chuk, “Deformation and strength of laminated

carbon-fiber-reinforced plastics under a static thermomechanical loading,” Mech. Compos. Mater., 48, No. 6,

669–680 (2013), DOI: 10.1007/s11029-013-9311-0.

2. V. V. Vasil’ev, Mechanics of Structures Made of Composite Materials [in Russian], Mashinostroenie,

Moscow (1988).

3. A. V. Goryk, “Modeling transverse compression of cylindrical bodies in bending,” Int. Appl. Mech., 37,

No. 9, 1210–1221 (2001), DOI: 10.1023/A:1013294701860.

4. A. N. Shupikov, S. V. Ugrimov, A. V. Kolodiazhny, and V. G. Yareschenko, “High-order theory of

multilayer plates. The impact problem,” Int. J. Solid. Struct., 35, No. 25, 3391–3403 (1998), DOI:

10.1016/s0020-7683(98)00020-1.

5. V. I. Shvab’yuk, Y. M. Pasternak, and S. V. Rotko, “Refined solution of the Timoshenko problem for an

orthotropic beam on a rigid base,” Mater. Sci., 46, No. 1, 56–63 (2010), DOI: 10.1007/s11003-010-9263-7.

6. V. G. Piskunov, “An iterative analytical theory in the mechanics of layered composite systems,” Mech.

Compos. Mater. 2003. 39, No. 1. P. 1–16. DOI: 10.1023/A: 1022979003150.

7. V. G. Piskunov, A. V. Gorik, A. L. Lyakhov, and V. M. Cherednikov, “High-order model of the stress-strain

state of composite bars ans its implementation by computer algebra,” Compos. Struct., 48, Nos. 1–3,

169–176 (2000), DOI: 10.19/6/S0263-8223(99)00091-4.

8. N. I. Muskhelishvili, Some Main Problems of the Mathematical Theory of Elasticity [in Russian], Nauka,

Moscow (1966).

9. S. G. Lekhnitskii, Theory of Anisotropic Elasticity [in Russian], Nauka, Moscow (1977).

10. S. G. Lekhnitskii, Anisotropic Plates [in Russian], OGIZ, Moscow (1947).

11. N. J. Pagano, “Exact solutions for composite laminates in cylindrical bending,” J. Compos. Mater., 3, No. 3,

398–411 (1969).

12. N. J. Pagano, “Exact solutions for rectangular bidirectional composites sandwich plates,” J. Compos. Mater.,

4, No. 1, 20–34 (1970).

13. N. I. Bezukhov, Foundations of the Theory of Elasticity, Plasticity, and Creep [in Russian], Vysshaya

Shkola, Moscow (1968).

14. S. P. Timoshenko and J. N. Goodier, Theory of Elasticity, 3rd edn, McGraw-Hill, New York (1970).

418

staskb
Выделение

staskb
Выделение


	Introduction
	Beam Model
	Construction of Solution
	Solution of the Problem for the Rigid Fixing Model
	Results of Studies of the Bending of a Three-Layer Beam
	CONCLUSIONS
	REFERENCES



